In this paper, we will study Mordell-Weil groups of Kuga fiber spaces of abelian varieties associated to the standard sympiectic representation classified by Satake. We will show the finiteness theorem for them with a few exceptions by using the Hodge theory and Borel-Wallach's vanishing theorem.
§ 0. Introduction
Let /: 2C-+M be a projective abelian scheme over an arithmetic quotient of a hermitian symmetric domain M=F\3), constructed from a sympiectic representation of the associated algebraic group. Such fiber spaces of abelian varieties have been studied by Kuga, Shimura, Satake, Mumford, et al. Following Satake ([SI] , Ch. IV), we call such a fiber space a Kuga fiber space (of abelian varieties). Let 37 be the generic point of M and 3^ denotes the generic fiber of /. Then 3?^ can be considered as an abelian variety defined over the rational function field K=C(M), so define the Mordell-Weil group to be the group 3£y(K) of K-rational points, or equivalently, the group of rational sections of f:3C-+M, and denote it by MW(T/M). In this paper, we shall study Mordell-Weil groups MW(!£/W) of Kuga fiber spaces, and prove a finiteness theorem for them.
Historically, Shioda first showed that the Mordell-Weil groups of the elliptic modular surfaces corresponding to arithmetic subgroups / 1 cSL 2 (Z) are finite in [Sd] . Generalizing Shioda's result, Silverberg [Sil] proved the finiteness of the Mordell-Weil groups of those Kuga fiber spaces which are characterized by an endomorphism algebra with positive involution and a polarization, introduced by Shimura in [Shi] and [Sh2] . She later obtained in [Si2] a cohomological criterion for the finiteness, which covered the most of her former results.
Denote by Rif*C% the local system of the first homology groups of the Communicated by Y. Ihara, July 15, 1991 . 1991 Mathematics Subject Classification, primary: 14J10 secondary: 14G35, 14G40. Supported in part by the Japan Foundation and JAMI of the Johns Hopkins University. * Department of Mathematics, Faculty of Science, Kyoto University, Kyoto 606-01, Japan. fibers of /. Then the local system Rif*C x is induced by a representation r-+GL (W c This criterion directly works for the cases when the algebraic group G Q defined over Q under consideration has rational rank ^2, or the rational rank =0 (i.e. FC.GR is cocompact) and G R has no compact factor and no factor isomorphic to SU(n, 1) (see Th. 6 and Th. 7 in [Si2] , or [B-W] ). (When the rational rank =1, see Theorem 7 of [Si2] ).
On the other hand, there are examples of Kuga fiber spaces for which one can not apply these vanishing theorem directly, and in some cocompact cases, we do have examples with H\F, PF C )^0. (See §5). But we can still expect the finiteness of the Mordell-Weil group (see [Sil] , [Si3] ).
As far as the classification of Kuga fiber spaces is concerned, Satake studied deeply Q-symplectic representations, and classified all Q-primary symplectic representations with a very mild additional condition ([S2] , see also IV, §6, [SI] ), and every Q-symplectic representation is a sum of primary represetations. They consist of the standard one which is constructed from the pair of a Dmodule V with a D-skew hermitian or a D-hermitian form h where D is a division algebra over Q with center F lf and the nonstandard one obtained from exterior product and spin representations. In the standard case, the Q-algebraic group is given by R Fl/Q (SU(V, /i)), which is obtained from the F r algebraic group SU(V, h) by Weil's restriction of the scalars. We remark that the standard representations include the cases which were studied by Shimura in [Sh3] .
In this paper, we will only consider the standard Q-symplectic representation. Also, we will exclude the following case from our consideration (cf.(3.42) ):
(0.1) Case (122, -1), w=2 : 
G R^S U 2 (H)-x-xSU 2 (IT)-xSO 4 (R)x-xS0 4 (R) t
because the reducibility of SU 2 (H) ~ forces annoying distinctions about the nature of r. (For the notation, see § 3, (3.23) and (3.31)).
Then the main theorem in this paper can be stated as follows.
(0.2) Theorem. ((4.23), (5.8) and (6.25 
)). Let f: 3£-+M be a Kuga fiber space associated to a standard Q-primary representation not isomorphic to the case (0.1). Assume that dim M^l. Then the Mordell-Weil group MW(3C/M) is finite.
The main idea of our proof is a generalization of Silverberg's method in [Si2] by introducing the L 2 -cohomology and the Hodge theory, which can be outlined as follows.
If the codimension of the singular locus of the Satake compactification M* of M is greater than 1, then for q<Ll , H q (F, W c ) = H q (M, W c ) is isomorphic to the middle perversity intersection cohomology IH q (M*, W c )* Then by the Zucker conjecture proved in [L] and [Sa-St] , these are also isomorphic to L 2 -cohomology groups. By Borel-Casselman [B-C] , the L 2 -cohomology is calculated by (g, K )-cohomology, and hence we can apply the Borel-Wallach vanishing theorem in [B-W] with finite cokernel. Now by using the description of Hodge structure due to Yuji Shimizu [ShzY] , we calculate the Hodge component and we can finally prove that H\M, /*JF Q ) 0 '°=0.
The organization of this paper as follows. In § 1, we introduce Q-symplectic representations and Kuga fiber spaces. In § 2, we introduce the MordellWeil groups of Kuga fiber spaces and recall some results due to Silverberg [Sil] , [Si2] . We also review a Hodge theory of the cohomology group to give a slight refinement of Silverberg's results. In § 3, we summarize the basic fact on Satake's classification of Q-symplectic representations. In §4, we recall some results from Borel-Casselman [B-C] and Borel-Wallach [B-W] , and prove the desired vanishing theorem when the R-rank of G R^2 , even if G R has compact factors. In § 5, we shall deal with the case when the R-rank of G R is 1 and M=F\0 is compact. We will check that the decomposition (see (5.10)) is compatible with the Hodge structure, and we calculate the first Gauss-Manin complex whose H l is the space of (0, 0)-elements. In § 6, we shall deal with the case when the R-rank of G R is 1 and M is non-compact.
The author would like to thank Professor Steven Zucker for very useful discussions about Hodge theory, L 2 -cohomology and intersection cohomology. He would also like to thank Professor Alice Silverberg for reading the preliminary version of this paper and giving useful comments. He would like to express his gratitude to JAMI in Johs Hopkins University for its hospitality during academic year 1990/91.
After I have finished the preliminary version of this paper, the author was informed that Ngaiming Mok announced the more general finiteness result of Moredell-Weil group of Kuga fiber spaces independently. It was announced in his preprint [Mo] , though there were some gaps in their first version of full paper [Mo-T] . (They have assumed that G R has no compact factor for all Kuga fiber spaces, which is not true in general.) They have fixed the gaps in the revised version of [Mo-T] , which the author received after submission of this paper. The author believes that the method in this paper is different from theirs and it is worth while publishing this paper. § 1. Q-Symplectic Representations and Kuga Fiber Spaces Let G Q be a Q-algebraic group such that its /^-valued point G R is a Zariski connected semisimple R-group of hermitian type. Let K be a maximal compact subgroup of G R and 3)-G R /K the corresponding Hermitian bounded symmetric space. We denote by g, f Lie algebras of G R and K respectively, and by $ the orthogonal complement of I in g with respect to the Killing form. Then the complex structure of 3) is induced by an element // 0^C ent(!) such that (adp (H Q [D2, (4.4. 3)], we have an equivalence between the category of polarized abelian schemes over M and the category of variations of polarized Hodge structure over M of weight -1, and of types (-1, 0), (0, -1), so we obtain a fiber space / : !£->M of abelian varieties over M. In this section, we review a criterion of the finiteness of Mordell-Weil group of Kuga fiber spaces due to Silverberg [Si2] , and give a slight generalization.
First of all, we introduce the Mordell-Weil group of a fiber space of abelian varieties. Let M be a connected smooth quasi-projective variety. By a fiber space of abelian varieties over M we mean a polarized smooth abelian scheme / : 3£->M. Consider the generic fiber 3? 7 of /. Then 3£ 7 is considered as an abelian variety over the field K-C(M} of the rational functions on M. Then the Mordell-Weil group of / is defined to be the group of K-rational points ), and is denoted by MW(T/M). There exists a natural isomorphism In general, there exists a holomorphic section of / which is not algebraic, (e.g. consider the case where M is a non-compact curve.) Assume that F is irreducible in G R (see (4.4)). Then, if either dim(^))>l, or M is compact, one can show that (2.5) must be an isomorphism (see [Si2, § 1] , § 10] (2.9) L 2 -cohomology Let /: 3£^>M=r\3) be a Kuga fiber space as above, and (Wz, A, ff 0 ) the corresponding VPHS of types (0, -1), (-1, 0) as in (1.10).
The local system W c -W z ®zC has a flat symmetric bilinear form A C) and if we denote by C z the Weil operator, (or the complex structure) of a fiber W c , the form T 2 (x, y} :=A c (x, C z ( 2) (M, W C T denote its subcomplex consisting of square-in tegrable elements whose exterior derivative are also square-integrable. We define the L 2 -cohomology group for W c by
Let M* denote the Baily-Borel, Satake compactification of M. It is known that M* is a normal projective variety which has a stratification by complex subvarieties. Following [G-M] , we can define the middle perversity intersection cohomology group IH'(M*, W c }. The following theorem is a direct consequence of the result, which was known as the Zucker conjecture, proved by Looijenga [L] and Saper-Stern [Sa-St] .
(2.11) Theorem, Under the notation and assumption as above, we have isomorphisms 
In this case, from the L 2 -harmonic theory, the right hand side of (2.16) can be expressed as a space of JF c -valued L 2 -harmonic forms. Deligne showed that, as in the classical Hodge theory, there exists a decomposition [Zl] 
Proof. The assertion (i) is an immediate consequence of (2.18). Since M is projective, all holomorphic sections become algebraic, so by (2.5), we have an isomorphism MW(!£/M} = H\M, 0J n (3f)). The relative exponential map for an abelian scheme / : ?£-+M yields the following exact sequence of sheaf of M an
where RJ*Z denote the local system of the first homology of fibers of /.
From the construction of a Kuga fiber space, we have isomorphisms W z =Rif*Z and Lie(3C) = Grs 1 , hence (*) can be written as
This yields an exact sequence of cohomology group
from which (2.28) follows. q.e.d.
As a corollary, we have the following generalization of Silverberg's result (2.7).
(2.31) Theorem. Assume that F\S) is compact. The Mor dell-Weil group MW(T/M) of a Kuga fiber space is finite if and only if §3. Satake's Classification of Q-Symplectic Representations
In this section, we will summarize the Satake's work of classification of Q-symplectic representations. The main references are [SI] , [S2] . Consider a finite dimensional F-vector space V with a structure of a right Dmodule, and set n^rank^F. We set:
where N denote the reduced norm of Endz>(V). The corresponding matrix group are denoted by GL n (D) and SL n (D) respectively. Let i be an involution on D and let e=±l. A (D, e)-hermitian form h on V with respect to c is by definition a F-bilinear mapping h: VXV-^D satisfying the following conditions:
For a non-degenerate (D, s)-hermitian form h on 7 with respect to j, we define the unitary group and the special unitary group for h by (3.5) £7(7, A)=teeGL(7/0)|Afev, gv')=h(v, i/), (v, i/e7)} (3.6) S£/(7, A)=£7(7, A)nSL(7/£>), and the corresponding matrix group are denoted by £7 n (A A) (3.7) Classical groups over R and classical domains
If F-R 9 we can define the classical groups and classical domains of type (I), (n), (HI). A division algebra D over R must be either R, C, or H, and here let c be the standard involution of D.
Let h be a non-degenerate skew-hermitian form on 7 (i.e
. (D, -l)-hermitian form) with respect to c. We can find a £-basis (e t ) for 7 such that the corresponding matrix T=(h(e if eff)^M n (D)
is in the following form: ( i ) D=R : n is an even integer, r=/.,,= . . Q (ii) D=C: (p, q) is a pair of non-negative integers such that p+q=n,
Hence the corresponding special unitary groups SU n (D, A) are given by the following matrix groups:
(i)' D=R : n is even,
3.10) S£7 B (fl; A)=S£7 B (fO-= These groups are /2-algebraic groups, which are of non-compact hermitian type unless G=SU(n, 0, C) = SU(Q, n, C)^SU(n, C) or SU^H)". Moreover these groups are /^-simple except for the case where G=SU 2 (H) ~~ (see (4.12), or [SI] , Appendix, §1).
These groups act on bounded symmetric domains as follows. Consider the following set of complex structures on V 
In this section, we review the classification of Q-primary standard symplectic representations. In order to classify Q-primary symplectic representations, the following proposition is fundamental. For a proof, see [SI, Ch. IV (3.22) Remark. Satake [S2] determined all Q-primary symplectic representation under an reasonable additional condition. Besides the standard one, there exist few nonstandard representations involving skew-symmetric representations and spin representations. But there exist also a Q-primary symplectic representation which does not satisfy his condition (see [SI, p 195] for references). In this paper, we will not deal with non-standard case.
A standard representation is determined only by the data D, c, V , U, h, h' in proposition (3.17 
(H)X--xSU n (H)xSp n (R)x-xSp n (R)
J'xcompact (£-£' )x(lll) 7i
H-symplectic form (w<=l)
positive-definite R-symmetric form (3^= -1) (R2, -1 Let G be a connected semi-simple real Lie group with finite center of hermitian type, K a maximal compact subgroup of G, so that a quotient space .2)-G/K becomes a hermitian symmetric bounded domain. Let F be a discrete subgroup of G of a finite covolume with respect to the Haar measure. If F is torsion-free, the quotient space M=F\£) becomes a smooth quasi-projective variety. For a finite dimensional complex representation p: G->GL(W C ), we denote by W c the associated local system on M=F\3). Let L' (2) (M, W c ) be as in (2.9), and #" (2) (M, W c ) the L 2 -cohomology group for it. Let Lz(F\^D)°°d enote the set of C°° square-integrable function on F\3) t and view it as a unitary G-module under the right translation. Since it is a (g, &)-module, we may consider the relative Lie algebra complex C*(g, K-} L 2 (F\G)°°(g)Wc}, whose cohomology yields the relative Lie algebra cohomology (cf. [B-W] (F) . By a corollary in [Shz, No. 4 ], F' is irreducible in G' R . Since the projection map F-+F' is injective, F' is also torsion-free.
42) Proposition. A Q-algebroic group G Q =R Fl/Q (SU(V, h)) in (3.37) is Zariski connected. Assume thai G R is non-compact, i.e., dim^)^l. Then G Q is Q-simple except for the case
Let K be a maximal compact subgroup of G R =G l x---xGiXU , and write K as KiX-'-xKiXU, so that the corresponding hermitian symmetric space £)= GR/K has a decomposition as 
which is obtained by a scalar extension of (3.35) from R to C. Hence, from (3.36), p$) can be written in form Write G R =G 1 X-"XGiXU as in (4.8) and take i such that l^i<^l. Then since p$ is trivial on the compact factor U, it descends to a representation of G R = GiX"-xGi. Let r r be as in (4.9). Then we can apply Theorem (4.5) for G R , p®, V$\ F f to deduce that (4.21)
H\v>(M, Vp)=Q for
By the assumption that rank«Gi^2, one has
Hence the assertion (4.19) (so (4.14)) follows from this and the following isomorphism.
(by (4.20)).
The proof for the case when F 1 is a CM field is similar, so we omit it.
(4.22) Remark. Note that we have the isomorphism SU 3 (H)~=SU(3, 1, C).
By virture of Silverberg's criterion (2.7), as a corollary of (4.13), we obtain the following. From the Sa take's classification (cf. Theorem (3.37)), the cases where G R has the 1^-rank 1 are listed as follows :
) G R^S U(nr~l, l)xSU nr (C)X--XSU nr (C) .
possibly={l} and (5.4) dim<2)=l.
In the above case, we can no more expect the vanishing of the H l (M, W c Theorem (2.31) . In this section, we always assume that F\3) is compact. Note that F\<D is compact whenever G R has a compact factor. Since the map n t is injective, this implies the assertion.
(5.15) Gauss-Manin complex Let (G Q , HQ) be the Q-hermitian pair corresponding to the Q-symplectic representation in (5.5), and K the maximal compact subgroup of G R corresponding to H 0 . We also denote by Q R , I the Lie algebras of G R and K respectively, and by J) the orthogonal complement of I in Q R with respect to the Killing form. Let us set W$=W c (±i, /c), ^± =^c (±/, ad> (H 0 ) ). Then, by the condition (1.2), the spaces We and p 1 are stable under the action of K, hence they become representations of K.
For any representation T of K, we can define a holomorphic vector bundle, or a locally free sheaf £T on M=F\3) as in [Z2, §2] . In the notation in § 1, the representations W% (resp. We} defines a Hodge bundle EF° (resp. Gr^1) and p~ defines the cotangent sheaf Q 1 M on M. We call the natural complex 
we can check that / and // 0 satisfy the condition (1.2). The corresponding maximal compact subgroup A' in G R can be written in the form K=K 1 X nUSC7(7<°, /* CI) ) where /dcd :-5/7(F cl) , h^} is the maximal compact subgroup corresponding to H' Q .
Let Q lf f x denote the Lie algebras of G ly K l} and £ the orthogonal complement of f x in 0J. Then we have the decompositions and an isomorphism
We have the expression as in (4.20), and in this case, we have the decomposition
We may assume that the natural projection V™->VP becomes a C-linear isomorphism. Then if we set V$ }± =V$\±i, / Cl) ), we have dim yi 1)+ =nr-1, dim VP~=1, and PT tf i ± =f7i 1) ®Vi 1)± . From the description as above, the homomorphism (5.17) of representation of K is compatible with decomposition (5.10) and the (0-J-part of the homomorphism is given by (5.23) Proof of Theorem (5.6) in the case of (5.2)
In this case, F l is a totally real field, and D is a quaternion algebra over FL We denote by a t : F^C the embedding which is the extension of T t . [Z2, (5.33) , Example] to deduce that
Hence, as before, we have the assertion. § 6. jR-Rank 1 and F Non-Cocompact (6.1) Let (W Q , p Q , A Q , /) be a standard Q-symmplectic representation, W zŴ Q a Z-lattice, r(dGw z^GR ) a torsion free arithmetic group. In this section, we assume that rank R G R =l and F ciG R is not cocompact. Again, we will not deal with the case (R2, --1), n-2. If dim .0=1, we can deduce the finiteness results from Zucker's results in [Zl] (see Remark (6.30) ). Hence we will assume that dim^>l unless we state otherwise.
We only have to consider the following cases:
In the above cases, the bounded symmetric domain 2)=G R /K is isomorphic to the m-dimensional unit ball B m c:C m for some m^l. Since FdG R is a torsion free arithmetic subgroup of G R , M=F\<D is a smooth complex manifold with a finite invariant measure, but, by assumption, is not compact. The BailyBorel-Satake compactification M* of M can be obtained by adding a finite number of cusps {p t } to M. Note that M* is projective. Moreover, according to Hemperly [He] , a resolution of singularities TT : M-*M* is obtained by the blowing up of the cusps {p l }, and the inverse images Di-n~l(pi} are abelian varieties.
(6.4) Let (W Q , p Q , A Q , I) be a standard Q-symplectic representation in the case (6.2) or (6.3), D, c, F lf V, U, h, h' be as in (3.17) . Let /: 3f->M denote the Kuga fiber space associated to the above representation and the lattice W z in (6.1). Then, as in (2.29), we have the exact sequence
Let us assume that the local monodromy around each D t is unipotent. This is always possible if one replaces F with a normal subgroup F f of finite index. Then we can extend the abelian scheme / : 3: -»M to a semi-abelian scheme /: X->M as follows. By the nilpotent orbit theorem [Sc, (4.12) ], these are locally free subsheaf of W. As in [Z3], we can obtain a semi-abelian scheme /: X->M which is an extension of the original abelian scheme / and fits into the following sheaf exact sequence can be constructed as in [A] . Since the Neron model has a uniqueness property, such local Neron models can be patched together and one gets a global Neron model over the tubular neigh (6.9) Hodge theory for j *W c Let (W z , A, ff') be the VPHS (see (1.10)) over F\£) of weight -1 associated to the symmplectic representation as in (6.4). As in (6.1), there exists a projective manifold M and an inclusion j : Mc+M such that D=M~M is a union of smooth hypersurfaces each of which is isomorphic to an abelian variety.
It is known that the cohomology group H i (M t j*W z ) has a polarized pure Hodge structure of weight i-1. This fact can be considered as a generalization of Zucker's results in [Zl] to the cases of the higher dimensional bases, and was proved by Cattani-Kaplan-Schmid [C-K-S] and Kashiwara-Kawai [K-K] as follows.
One can see that M admits a complete Kahler metric with Poincare singularities along D. In the above case, j*Wc equals the intersection complex J£' (M, We) of Deligne and Goresky-MacPherson. Then they showed that 3C' (M, W c Each element of L 2 -cohomology group can be represented by a harmonic form, so by using the Kahler identity between the Laplacians (cf. [Zl] ), we obtain a Hodge decomposition of the cohomology group. (See also [ShzY] .) (6.10) Mixed Hodge theory
We will recall a more explicit desciption of the Hodge structure on H l (M, J*Wc) in our case following [ShzY] (cf. [Zl] Proof. We first remark that we can replace M=F\£) with its finite unramified covering. So we may assume that local monodromies around the components of D are unipotent.
We first prove the case (6.3). We shall use the notation in (5.18). In this case, F l is a purely imaginary quadratic field over Q, so denote by {a, a} the embedding of F l into C. We have the decomposition where we put W a \-W Q § § Fva C. We also have the expression
W'=U C ® C V C
where V c is an nr-dimensional C-vector space which has a C-symplectic form h c such that the signature of >/-lh c is (nr-1, 1 [ShzY, (3. 1.1)]), and by (4.13) H°(M, S 2 (T C ))=0.
So we have the desired assertion.
(6.30) Remark. If dim^=l and M=F\£) is not compact, the finiteness follows from the result in [Zl] . Let /: 3f->M be a Kuga fiber space and /: T-+M the semiabelian scheme in (6.4). By (6.8), we only have to prove that H*(M, 0| n (3?)) is finite. Then by (6.22) (cf. [Zl, Corollary (10.2) 
